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Abstract. Let p be an odd prime, and m, r ∈ Z+ with m coprime to p. In this paper we investigate the

real quadratic fields K = Q(
√

m2p2r + 1). We first show that for m < C, where constant C depends on

p, r, the fundamental unit ε of K satisfies the congruence εp−1 ≡ 1 (mod p2), which implies that K is a

non p-rational field. Varying r then gives an infinite family of non p-rational fields. When m = 1 and p is a

non-Wieferich prime, we use a criterion of Fukuda and Komatsu [12] to show that if p does not divide the

class number of K, then the Iwasawa invariants for a cyclotomic Zp-extension of K vanish. We conjecture

that there are infinitely many r such that p does not divide the class number of K.

1. Introduction

1.1. p-Rational Fields. Let F be a number field, and p a prime number. Let S be the set of primes

of F above p and let L be the maximal pro-p abelian extension of F unramified outside of S. Then

Gal(L/F ) ∼= Zρ
p ×TF , where ρ is a positive integer and TF is the torsion subgroup of Gal(L/F ). It is known

[46, Theorem 13.4] that ρ ≥ r2 + 1, where 2r2 is the number of complex embeddings F ↪→ C. Leopoldt’s

conjecture predicts that ρ = r2 + 1. In this paper, we always assume Leopoldt’s conjecture holds for the

number field F and prime p. We say F is p-rational if TF vanishes. The concept of p-rationality has its

origins in ramification theory, where it is closely related to the Galois cohomology of maximal pro-p extensions

unramified outside the primes above p [36] [37] [40].

The study of p-rational fields is closely related to Leopoldt’s conjecture and to pro-p extensions with

restricted ramification, going back to the work of Shafarevich and Wingberg [43, 48]. The notion was

later systematically developed by Movahhedi and Nguyen Quang Do [36, 37]. Related developments include

Jaulent’s work on l-adic independence [25], the study of p-rationality and p-regularity by Jaulent and Nguyen

Quang Do [26], and the relative notion of S-rationality introduced by Jaulent and Sauzet [27]. More recently,

substantial progress has been made by Gras [19] [16],[18],[17],[20] and Maire and Rougnant [32] investigated

its isotypic components.

For fixed p, the general expectation is that among all real quadratic fields, the p-rational ones greatly

outnumber the non p-rational ones (see Section 4.2.3 of [17]). A density type theorem of Byeon [6, Theorem

1.1] shows that for p > 3

# {K is real quadratic | 0 < DK < X, and K is p-rational} ≫
√
X

log(X)
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(see also Ono [41]). On the other hand, it is expected that for a fixed number field K, the primes p such

that K is non p-rational are rare (or possibly finite [18]). Assuming the generalized abc-conjecture, Maire

and Rougnant [31] proved that if K is a real quadratic field or an imaginary S3-extension of Q, then there

exists a constant cK > 0 such that

#{p ≤ X : K is p-rational} ≥ cK logX

for X sufficiently large, see [30] for a similar result. For a fixed real quadratic field K, it is generally difficult

to find a particular p such that K is non p-rational. However, if we fix p, it is easy to construct an infinite

family of non p-rational real quadratic fields [20],[17]. Our Theorem 3.2 generalizes [17]. One can also

construct a family of real quadratic fields by varying p. For example, Q(
√

p(p+ 2)) is p-rational for odd

primes p > 5 (see [17][2] for this kind of result).

Let | · |∞ : R → R+ be the usual absolute value.

Theorem 1.1. Let r ≥ 2,m be positive integers, p be an odd prime, and gcd(p,m) = 1. Denote K =

Q(
√
m2p2r + 1), and assume that

|m|∞ ≤

∣∣∣∣∣ (1 +
(
pr−1

2

)
)pp

r−1−r

2pr−1

∣∣∣∣∣
∞

Then K is a non p-rational field.

This is Theorem 3.2 in Section 3. We also prove that, for a fixed p, this gives an infinite family of non

p-rational real quadratic fields as r → ∞. These fields were studied by Gras [17, Section 4.3] under the

assumption that m2p2r + 1 is squarefree. We do not make this assumption. Gras assumes that m2p2r + 1 is

squarefree, so the explicit Pell-type unit is the fundamental unit and its p-adic regulator can be computed

directly. Our method removes the squarefreeness assumption: the explicit unit need not be fundamental, so

we instead control its relation with the true fundamental unit and prove the required congruence for that

unit. Thus, Gras obtains sharper quantitative regulator estimates, while our argument is designed to handle

the non-squarefree case.

1.2. Iwasawa Invariants and Greenberg’s Conjecture. Let p be an odd prime, K a number field, and

let ζpn be a primitive pn-th root of unity. Then Q(ζpn+1)/Q has a unique degree pn sub-extension of Q

denoted as Qn. Put Q∞ =
⋃

n Qn and K∞ = KQ∞. Then K∞/K is a Zp-extension of K which we call the

cyclotomic Zp-extension of K. We write Kn to be the n-th layer of the Zp-extension of K∞/K.

Let An be the p primary part of the class group of Kn. Then Iwasawa proved [23] that there are constants

µ, λ, ν ∈ Z for all sufficiently large n with

|An| = pµp
n+λn+ν .

The constants λ, µ, and ν are called the Iwasawa invariants for K∞/K. We may also write them as

λp(K∞/K), µp(K∞/K), and νp(K∞/K) when p,K and K∞ are not clear from context.

When K/Q is abelian, Ferrero and Washington [10] showed that µ = 0 for the cyclotomic Zp-extension

of K, and Iwasawa conjectured that this should hold for any number field. On the other hand, much less is

known about the λ invariant for the cyclotomic Zp-extension of K. In fact, the cyclotomic µ-invariant and
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λ-invariant are thought to be zero for any totally real number field. This is known as Greenberg’s conjecture

[21].

To find evidence for Greenberg’s conjecture, one may try to construct an infinite family of real quadratic

fields K where λp = 0, for a fixed prime p. By a well-known theorem of Iwasawa [46, Prop 13.22], if p

is inert in K/Q, totally ramified in K∞/K, and doesn’t divide the class number hK of K, then λ = 0.

Therefore, one may try to find infinitely many fields such that p doesn’t split and p ∤ hK . This has been

done by Ono [41] for 3 < p < 5000, Ozaki and Taya [42] and Fukuda and Komatsu [11] when p = 2, as well

as Horie and Nakagawa [39] when p = 3. These authors also studied the case when p splits, for p = 2 and

p = 3 respectively. Kraft [29] has found a relation between the λ-invariants of certain imaginary and real

quadratic fields when p = 3, which gives an infinite family of real quadratic fields with vanishing λ-invariant

by Corollary 1.3 of Ito [22].

Recall that a prime p is called Wieferich prime if p2 | (2p−1 − 1).

Theorem 1.2. Let p ≥ 3 be a non-Wieferich prime and r ≥ 2, and write K = Q(
√
p2r + 1). Assume that

p doesn’t divide the class number of K. Then the Iwasawa invariants µ and λ are zero for the cyclotomic

Zp-extension of K.

This is Theorem 4.4 in Section 4. We also prove that the fields Q(
√
p2r + 1) are distinct for distinct

values of r. We expect that, for a fixed p, there are infinitely many r such that p doesn’t divide the class

number of Q(
√
p2r + 1), and hence an infinite family satisfying Greenberg’s conjecture.

Remark 1.3. There are other numerical criterion to conclude fields K = Q(
√

p2r + 1) satisfying Greenberg’s

conjecture. In the paper, we apply the numerical criterion of Fukuda and Komatsu [12], formulated in terms

of the invariants n1 and n2, (see the definition in Section 4), to the fields K = Q(
√
p2r + 1). We note that

other numerical criteria involving n1 and n2 have also been developed by Fukuda, Komatsu, and others; see,

for example, [13, 14]. These alternative criteria may allow one to replace the class number condition in our

theorem by different arithmetic hypotheses.

1.3. Structure of the Paper. In Section 2, we study some general properties of the fieldK = Q(
√
m2p2r + 1).

In Section 3, we study the p-rationality of K. In Section 4, we study Greenberg’s conjecture for K.

2. Construction of a Family of Real Quadratic Fields

In this section, we first study the basic properties of the real quadratic field Q(
√

m2p2r + 1). Here m,

r are positive integers and p is an odd prime which is prime to m. Let ε be the fundamental unit of

Q(
√
m2p2r + 1). Our focus throughout this paper will be on the following congruence

εp−1 ≡ 1 (mod p2)

which may or may not hold for a given arbitrary real quadratic field. This congruence appears as a key step

in the numerical criterion to determine non p-rationality, and whether the Iwasawa invariants µ = λ = 0. In

the next section, we will use the results of this section to construct a family of real quadratic fields that are

not p-rational. It is also a family of real quadratic fields whose Iwasawa invariant µ = λ = 0 with a further

assumption on the class number.
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We first prepare some easy lemmas which we will need later on.

Lemma 2.1. Let p be an odd prime and let ε ∈ Z∗
p. Suppose that t = ±εk for some integer k prime to p.

Then

εp−1 ≡ 1 (mod p2Zp) ⇐⇒ tp−1 ≡ 1 (mod p2Zp).

Proof. Set

U1 = 1 + pZp, U2 = 1 + p2Zp.

Since εp−1 ∈ U1 and p is odd, we have

tp−1 = (±εk)p−1 = (εp−1)k.

The quotient U1/U2 is a group of order p. Since (k, p) = 1, the k-th power map is an automorphism of

U1/U2. Hence

(εp−1)k ∈ U2 ⇐⇒ εp−1 ∈ U2,

which is precisely the desired equivalence. □

Lemma 2.2. Let D be a positive square-free integer and K = Q(
√
D). Let t be a unit in OK . Assume that

the odd prime p splits in K as pOK = pp̄. Then

tp−1 ≡ 1 (mod p2) ⇐⇒ tp−1 ≡ 1 (mod p̄2) ⇐⇒ tp−1 ≡ 1 (mod p2OK).

Proof. Let t̄ be the Galois conjugate of t. Then tp−1t̄p−1 = 1, since t is a unit. Now,

tp−1 ≡ 1 (mod p2) ⇐⇒ t̄p−1 ≡ 1 (mod p̄2)

⇐⇒ tp−1t̄p−1 ≡ tp−1 (mod p̄2)

⇐⇒ 1 ≡ tp−1 (mod p̄2).

The last congruence comes from the fact that tp−1 − 1 ∈ p2 ∩ p̄2 = p2OK . □

Remark 2.3. We can embed K into Qp by localization at prime p or p̄. The first congruence tells us that

tp−1 ≡ 1 (mod p2Zp) doesn’t depend on the choice of embedding. Later, we will write tp−1 ≡ 1 (mod p2) for

simplicity. One can understand it as tp−1 ≡ 1 (mod p2Zp) by embedding K into Qp or one can understand

it as tp−1 ≡ 1 (mod p2OK). It doesn’t matter since they are all equivalent.

The proof of the following lemma is inspired by the proof of Theorem 3.4 of [5].

Lemma 2.4. Let D be a positive square-free integer and K = Q(
√
D). Assume that p > 2 splits in K. Let

t = a+ b
√
D be a unit in OK , where a, b ∈ 1

2Z. Let Nrm denote the norm map from K to Q. Assume that

Nrm(t) = −1 and p | a. Then

tp−1 ≡ 1 (mod p2) ⇐⇒ a ≡ 0 (mod p2).
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Proof. Let t̄ = a− b
√
D be the Galois conjugates of t. Define the generalized Fibonacci sequence {Fn}n as

Fn+2 = (t+ t̄)Fn+1 −Nrm(t)Fn = 2aFn+1 + Fn

and F0 = 0 and F1 = 1. The Binet formula [28] tells us

Fn =
tn − t̄n

t− t̄
for any n ≥ 1.

Computing further into the sequence, we have F2 = 2a, F3 = 4a2 + 1, F4 = 8a3 + 4a, and F5 = 16a4 +

12a2 + 1. By induction, we have

F2n ≡ 2na (mod a2) and F2n−1 ≡ 1 (mod a2)

and since we assumed that p | a, we have

Fp−1 ≡ (p− 1)a (mod p2).

Hence,

Fp−1 ≡ 0 (mod p2) ⇐⇒ p2 | a.

On the other hand, the Binet formula tells us

(t− t̄)Fp−1 = tp−1 − t̄p−1 = t1−p(tp−1 − 1)(tp−1 + 1).

Since −1 = tt̄ = a2 − b2D, and p | a, we have p ∤ b and p ∤ (t− t̄). Since p ∤ t1−p(tp−1 + 1), we have

tp−1 ≡ 1 (mod p2) ⇐⇒ Fp−1 ≡ 0 (mod p2).

□

Lemma 2.5. Let K = Q(
√
m2p2r + 1) where r,m are positive integers and p is an odd prime with

gcd(p,m) = 1. Then p splits in the real quadratic field K.

Proof. Suppose m2p2r + 1 = b2D, where D is a square-free integer and b is a positive integer. We have p

splits in K = Q(
√
D) if and only if the Legendre symbol (Dp ) = 1. Notice that(

D

p

)
=

(
b2D

p

)
=

(
m2p2r + 1

p

)
=

(
1

p

)
= 1.

□

Let | · |∞ denote the usual absolute value on R.

Theorem 2.6. Let K = Q(
√
m2p2r + 1) where r ≥ 2, m are positive integers and p is an odd prime with

gcd(p,m) = 1. Let ε be the fundamental unit of K. Assume that

|m|∞ ≤

∣∣∣∣∣ (1 +
(
pr−1

2

)
)pp

r−1−r

2pr−1

∣∣∣∣∣
∞

Then

εp−1 ≡ 1 (mod p2).
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Proof. Suppose m2p2r + 1 = b2D, where D is a square-free integer and b is a positive integer. Write

t := mpr − b
√
D. Then Nrm(t) = (mpr − b

√
D)(mpr + b

√
D) = −1. By Lemma 2.4, we know that

tp−1 ≡ 1 (mod p2). If t = mpr − b
√
D = ±εk for some integer k prime to p, then the conclusion holds by

lemma 2.1.

Now assume t = mpr − b
√
D = ±εp

lk for some integer k prime to p and l ≥ 1. Let x+ y
√
D := εk, where

x, y ∈ 1
2Z.

By definition,

−1 = (±t)(±t̄) = (x+ y
√
D)p

l

(x− y
√
D)p

l

.

Hence,

(x+ y
√
D)(x− y

√
D) = −1.

The norm Nrm(x+ y
√
D) = −1.

We have

±(mpr − b
√
D) =(x+ y

√
D)p

l

=xpl

+

(
pl

1

)
xpl−1y

√
D +

(
pl

2

)
xpl−2(y

√
D)2 +

(
pl

3

)
xpl−3(y

√
D)3

+ · · ·+
(

pl

pl − 1

)
x(y

√
D)p

l−1 + (y
√
D)p

l

.

(1)

Then

(2) ±mpr = xpl

+

(
pl

2

)
xpl−2(y

√
D)2 + · · ·+

(
pl

pl − 1

)
x(y

√
D)p

l−1.

We know
(
pl

k

)
≡ 0 (mod p) for 1 < k < pl. So, (2) implies

0 ≡ xpl

(mod p).

Therefore p | x.
Comparing the coefficient of

√
D in equation (1), we have

±b =

(
pl

1

)
xpl−1y +

(
pl

3

)
xpl−3y3D + · · ·+ yp

l

D
pl−1

2 .

Reducing both sides modulo p, we have

±b ≡ yp
l

D
pl−1

2 (mod p).

Since p ∤ b and p ∤ D, we get p ∤ y.

Now, assume p2 ∤ x. Hence vp(x) = 1 where vp is the p-adic valuation. By the standard valuation formula,

vp(

(
pl

i

)
) = l − vp(i) (1 ≤ i ≤ pl)

(see, for example, [8, §11.5, p. 353], [1]). Hence, for i ≥ 1,

vp

((
pl

i

)
xi(y

√
D)p

l−i

)
= l − vp(i) + i ≥ l + 1

with equality holding if and only if i = 1, since we have assumed p is an odd prime. We have

r = vp(±mpr) = vp(
∑
odd i

(
pl

i

)
xi(y

√
D)p

l−i) = l + 1.
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Now, taking the real absolute value | · |∞ of both side of equation 2,

|mpr|∞ = |xpl

+

(
pl

2

)
xpl−2(y

√
D)2 + · · ·+

(
pl

pl − 1

)
x(y

√
D)p

l−1|∞

> |xpl

+

(
pl

2

)
xpl−2(y2D)|∞

= |xpl

+

(
pl

2

)
xpl−2(x2 + 1)|∞

> |(1 +
(
pl

2

)
)xpl

|∞.

We know x ∈ 1
2Z, p | x, and x ̸= 0. Hence |x|∞ ≥ p

2 . Since r = l + 1

|m|∞ >

∣∣∣∣∣ (1 +
(
pl

2

)
)xpl

pr

∣∣∣∣∣
∞

≥

∣∣∣∣∣ (1 +
(
pr−1

2

)
)pp

r−1−r

2pr−1

∣∣∣∣∣
∞

which contradicts our assumption on m. Hence, we must have p2|x.
Now, we know p2 | x and the norm Nrm(x + y

√
D) = −1. By Lemma 2.4, we know (x + y

√
D)p−1 ≡

1 (mod p2). Then by Lemma 2.1, we have εp−1 ≡ 1 (mod p2). □

Remark 2.7. The condition on the upper bound of |m|∞ is only used in the case that t = mpr − b
√
D is

the pth-power of a unit. In our SageMath experiments, for a fixed prime p and varying m and r, we found

that in most cases t = mpr − b
√
D is not the p-th power of a unit. When m is odd,

b2D = 1 +m2p2r ≡ 1 + 1 = 2 (mod 4)

implies that D ≡ 2 mod 4, and we can assume x ∈ Z. This allows us to further relax the upper bound.

However, the upper bound is enough for our purposes since we take m = 1 in a later section.

We take m = 1 in the next lemma. It is a generalization of Exercise 8.3.3 in [38].

Lemma 2.8. Let p2r + 1 = b2D, where D is a square-free integer, r ≥ 2, b are positive integers, and p ≥ 3

is an odd prime. Let K = Q(
√
D). Then pr + b

√
D is a fundamental unit for K.

Proof. Note that D ≡ 2 (mod 4), so the ring of integers of Q(
√
D) is Z[

√
D]. Now, we know t = pr + b

√
D

is a unit. Let εD = x+ y
√
D be the fundamental unit (without loss of generality we may take x, y > 0), and

suppose t = εkD for some k ∈ Z+. We will prove that k = 1.

Assume k is even. Then

−1 = Nrm(pr + b
√
D) = Nrm(εkD) = (±1)k = 1

which is a contradiction. This also implies that Nrm(εD) = −1.

Now, assume that k is odd and q is an odd prime such that q | k. Write v + w
√
D = ε

k/q
D . Then

t = (v + w
√
D)q, and

(3) pr =

(q−1)/2∑
i=0

(
q

2i

)
w2iDivq−2i = vu
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where

(4) u =

(q−1)/2∑
i=0

(
q

2i

)
w2iDivq−2i−1 ≥

(
q

0

)
w0D0vq−0−1 = vq−1.

Notice v2 − w2D = Nrm(ε
k/q
D ) = −1 implies that gcd(v, w) = gcd(v,D) = 1. By equation (4), we have

gcd(v, u) = gcd(v,
(

q
q−1

)
wq−1D(q−1)/2) = gcd(v, q).

Suppose gcd(v, q) = 1. Now, pr = uv, so it must be that v = 1 and u = pr since u > 1. But then

v2−w2D = −1 so that w2D = 2 which implies D = 2 and w = 1. We have p2r+1 = 2b2. Theorem 1.1 of [3]

classifies all integer solutions to the equation xr + yr = 2z2. As a consequence, the equation p2r + 1 = 2b2

has no integer solutions of the desired form when p ≥ 3.

Suppose gcd(v, q) = q. Since pr = uv, it follows that v = pl, and u = pr−l for some integer l ≥ 1.

In particular, we must have q = p, and moreover gcd(p, w) = gcd(v, w) = 1, gcd(p,D) = gcd(v,D) = 1.

Applying the same trick as in the proof of Theorem 2.6. When 0 ≤ i ≤ p−1
2 , we have

vp

((
p

2i

)
w2iDiv p−2i

)
= vp

((
p

2i

))
+ vp(w

2i) + vp(D
i) + vp(v

p−2i)

= 1− vp(2i) + 0 + 0 + l(p− 2i)

= 1 + l(p− 2i).

The minimum occurs precisely when i = p−1
2 . Taking p-adic valuations on both sides of equation (3), we

obtain

r = 1 + l
(
p− 2 · p−1

2

)
= 1 + l,

which implies v = pr−1 and u = p. However, this contradicts the condition u ≥ vp−1.

□

Lemma 2.9. For i = 1, 2, assume ri ≥ 2 and p ≥ 3 is an odd prime. We have Q(
√
p2r1 + 1) = Q(

√
p2r2 + 1)

if and only if r1 = r2.

Proof. Assume that p2ri + 1 = b2iDri , where Dri are a square-free integer and bi are positive integers. By

lemma 2.8, the fundamental unit of Q(
√
Dr1) is pr1 + b1

√
Dr1 and the fundamental unit of Q(

√
Dr2) is

pr2 + b2
√

Dr2 . Hence Q(
√
Dr1) = Q(

√
Dr2) implies that

pr1 + b1
√

Dr1 = ±(pr2 + b2
√
Dr2)

±1.

We know that (pr2 + b2
√
Dr2)

−1 = −pr2 + b2
√

Dr2 . Hence we must have r1 = r2. □

By lemma 2.8 and lemma 2.9, for a fixed odd prime p, the family of real quadratic fields {Q(
√
p2r + 1)|r ∈

N, r ≥ 2} is an infinite family. Next, we will consider the p-rationality and Iwasawa invariants µ, λ for

Q(
√
m2p2r + 1) in the following sections.
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3. p-rationality

We recall the notion of a p-rational number field, see exposition [26] [36, 37, 40]; see also [15] for further

developments and [34, Section 3.3.2] for equivalent formulations in the real quadratic case.

Let K be a number field and p an odd prime. Let L be the maximal abelian pro-p extension of K

unramified outside p. Assuming Leopoldt’s conjecture for K, if K has r2 pairs of complex embeddings, then

Gal(L/K) ∼= Zr2+1
p × TK ,

where TK is a finite abelian p-group. The field K is called p-rational if TK = 0. The order of TK is related

to special values of p-adic L-functions; we will use the following theorem of Coates [7, Appendix].

Theorem 3.1 (Coates). Let K be a totally real field and p be an odd prime. Assume Leopoldt’s conjecture

holds for K. Then #TK has the same p-adic valuation as

w1(K(µp))hKRp(K)
∏

p|p(1− (Nrm p)−1)√
∆K/Q

Here µp is the group of p-th roots of unity, w1(K(µp)) is the number of roots of unity of K(µp), hK is the

class number of K, Rp(K) is the p-adic regulator of K, Nrm p is the absolute norm of p, and ∆K/Q is the

discriminant of K.

Theorem 3.2. Let r ≥ 2,m be positive integers, p be an odd prime, and gcd(p,m) = 1. Denote K =

Q(
√

m2p2r + 1), and assume that

|m|∞ ≤

∣∣∣∣∣ (1 +
(
pr−1

2

)
)pp

r−1−r

2pr−1

∣∣∣∣∣
∞

.

Then K is a non p-rational field.

Proof. We will use Theorem 3.1 of Coates. Since K is a real quadratic field, w1(K(µp)) = 2p. By Lemma

2.5, p splits in K. Hence,
∏

p|p(1− (Nrm p)−1) = (p− 1)2/p2. Let εD be the fundamental unit of K. Notice

that the p-adic regulator Rp(K) = logp(εD) ≡ 0 (mod p2) ⇐⇒ εp−1
D ≡ 1 (mod p2). By Theorem 2.6, we

know that vp(Rp(K)) ≥ 2. Since gcd(p,m2p2r + 1) = 1, the discriminant ∆K/Q is prime to p. Putting

everything together,

vp

ω1(K(µp))
∏
p|p

(1−Nrm(p)−1)
Rp(K)hK√

∆K/Q

 =vp(ω1(K(µp))) + vp

∏
p|p

(1−Nrm(p)−1)


+ vp(Rp(K)) + vp(hK)− vp

(√
∆K/Q

)
≥1− 2 + 2 + vp(hK)− 0

≥1.

Hence, vp(#TK) ≥ 1 by Theorem 3.1, and therefore the real quadratic field K is a non p-rational field.

□

Corollary 3.3. For a fixed odd prime p, there is an infinite family of non p-rational real quadratic fields.
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Proof. By Theorem 3.2, the members of the following set are non p-rational real quadratic fields.{
Q(

√
m2p2r + 1)

∣∣ r ≥ 2,m ∈ Z+, gcd(p,m) = 1, |m|∞ ≤

∣∣∣∣∣ (1 +
(
pr−1

2

)
)pp

r−1−r

2pr−1

∣∣∣∣∣
∞

}

This set contains the following subset,

{Q(
√
p2r + 1) | r ≥ 2}.

By Lemmas 2.8 and 2.9, this subset is an infinite set. Hence, we have an infinite family of non p-rational

real quadratic fields. □

The family of Corollary 3.3 overlaps with some families found in [20] and [17].

4. Iwasawa Invariants

In this section, we will consider the Iwasawa invariants µ and λ of the cyclotomic Zp-extension of

Q(
√
p2r + 1). In [21], Greenberg conjectured that the Iwasawa invariant µ = λ = 0 for the cyclotomic

Zp-extension for any totally real field. To test the conjecture, other authors have developed numerical cri-

terion to determine when µ = λ = 0 for real quadratic fields (see for example [24][13][12][14][45][33]). It is

then natural to use these criteria to construct infinite families of real quadratic fields such that Greenberg’s

conjecture holds (see for example [35][42][11][39][29]). In this section, we first recall a numerical criterion

developed by Fukuda and Komatsu [12]. Then we apply the criterion to the real quadratic field Q(
√
p2r + 1).

Let K be any real quadratic field and p be an odd prime. Let hK be the class number of K. Assume that

p splits in K as pOK = pp̄. Let α be a generator of the principal ideal p̄hK . Let εK be the fundamental unit

of K. Define the integers n1 and n2 such that

αp−1 ≡ 1 (mod pn1) and αp−1 ̸≡ 1 (mod pn1+1)

εp−1
K ≡ 1 (mod pn2) and εp−1

K ̸≡ 1 (mod pn2+1).

The value of n1 does not depend on the choice of α and is uniquely determined under the condition n1 ≤ n2.

Fukuda and Komatsu, among other authors, have developed a series of criterion in terms of invariant n1, n2

to check Greenberg’s conjecture for real quadratic fields [13][12][14]. Here we only recall one criterion from

[12].

Let K = K0 ⊂ K1 ⊂ K2 · · · ⊂ K∞ be the cyclotomic Zp-extension of K. Let An be the p-primary part

of the class group of Kn. Let Dn be the subgroup of An generated by the prime ideals above p.

Theorem 4.1 (Fukuda and Komatsu [12]). Let K be a real quadratic field and p an odd prime which splits

in K/Q. Assume that

(a) n1 = 1

(b) A0 = D0

Then, for n ≥ n2 − 1, we have |An| = |Dn| = |D0| · pn2−1.

https://orcid.org/0009-0004-4319-4359
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Let p2r + 1 = b2D, where D is a square-free integer, r ≥ 2, b are positive integers, and p ≥ 3 is an odd

prime. Let K = Q(
√
D). By lemma 2.5, we know p splits in K, say pOK = pp̄. Notice that we can factor

p2r = b2D − 1 = (b
√
D + 1)(b

√
D − 1) in OK . Hence, we can take p2r = (b

√
D − 1) and p̄2r = (b

√
D + 1).

Let εD be the fundamental unit of K. Then by Theorem 2.6, we know

εp−1
D ≡ 1 (mod p2)

and therefore n2 ≥ 2. In fact, we can further determine the explicit value of n2.

Lemma 4.2. Keeping the same setup as before, we have n2 = r.

Proof. By Lemma 2.8, we can take pr + b
√
D as the fundamental unit of K. Notice that p2r = (b

√
D − 1)

tells us b
√
D ≡ 1 (mod p2r). Since r ≥ 2, we have 2r > r + 1 > r. Therefore,

(pr + b
√
D)p−1 ≡ (pr + 1)p−1 ≡ 1p−1 = 1 (mod pr)

but

(pr + b
√
D)p−1 ≡ (pr + 1)p−1 ≡

p−1∑
i=0

(
p− 1

i

)
pri ≡ 1 + (p− 1)pr ̸≡ 1 (mod pr+1).

□

Lemma 4.3. Keeping the same setup as before, we have (b
√
D + 1)p−1 ≡ 2p−1 (mod p2).

Proof. Since we have b
√
D ≡ 1 (mod p2r),

(b
√
D + 1)p−1 ≡ (1 + 1)p−1 = 2p−1 (mod p2).

□

Recall that a prime number p is called a Wieferich prime if p2 | (2p−1 − 1). These primes are thought

to be sparse (the only known Wieferich primes are 1093 and 3511 [47]). Crandall, Dilcher, and Pomerance

[9] proposed a heuristic about the probability for a prime p to be Wieferich and suggested that the number

of Wieferich primes up to X should grow like log logX, and hence that there should be infinitely many

such primes. On the other hand, Gras [16] proposed different probabilistic heuristics for Fermat quotients,

suggesting that there may be only finitely many Wieferich primes p. At present, neither prediction is known

to be correct, and the very slow growth of log logX makes the available numerical evidence insufficient to

distinguish clearly between these two possibilities. We also note that Silverman [44] has shown the infinitude

of non-Wieferich primes under the assumption of the abc-conjecture. The relation between p-rationality and

Wieferich-type congruences has also been studied by Böckle, Guiraud, Kalyanswamy, and Khare [4].

Theorem 4.4. Let p ≥ 3 be a non-Wieferich prime and r ≥ 2, and write K = Q(
√
p2r + 1). Assume

that p doesn’t divide the class number hK . Then the Iwasawa invariants µ, λ are zero for the cyclotomic

Zp-extension of K.

Proof. Let s be the order of the class of p̄ in the class group of K and p̄s = (t) for some t ∈ K∗. Since

p̄2r = (b
√
D + 1), then for some integer k1,

b
√
D + 1 = ±t2r/sεk1

K
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By Lemma 4.2, εp−1
K ≡ 1 (mod p2), and by Lemma 4.3, (b

√
D + 1)p−1 ≡ 2p−1 ̸≡ 1 (mod p2). Hence

tp−1 ̸≡ 1 (mod p2). Let α be a generator of p̄hK . Then for some integer k2, we have

α = ±thK/sεk2

K

Since gcd(p, hK) = 1, by localizing K at p we can use Lemma 2.1 to conclude that αp−1 ̸≡ 1 (mod p2). Thus,

n1 = 1.

Since gcd(p, hK) = 1, we have D0 = A0 = 0. Therefore, by Theorem 4.1, the Iwasawa invariant µ, λ

vanish for the cyclotomic Zp-extension of K. □

Corollary 4.5. Fix a non-Wieferich prime p. Then Greenberg’s conjecture holds for the members of the

following set. {
Q(

√
p2r + 1) | r ≥ 2, p doesn’t divide the class number of Q(

√
p2r + 1)

}
The following conjecture is motivated by our work and our computational data also suggests it.

Conjecture 4.6. For a fixed prime p > 2, there are infinitely many r ∈ Z+ such that p does not divide the

class number of Q(
√
p2r + 1).

As noted above, other numerical criteria in terms of n1 and n2 are available [13, 14]. Our assumption

that p does not divide the class number of K ensures that A0 = D0, allowing us to apply Theorem 4.1; this

assumption could be weakened by assuming A0 = D0 directly or by using other numerical criteria.
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